PHYSICAL REVIEW E 66, 067101 (2002
Pinwheel-like structures resulting from interaction of plane pulses of excitation
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We demonstrate that complex spatiotemporal structures may appear in an excitable system as the result of
interaction between two plane pulses. Such behavior has been obtained for FitzHugh-Nagumo type of dynam-
ics by numerical integration of reaction-diffusion equations.
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[. INTRODUCTION [9]. For these values of parameters the system has a single
stationary solution §,v)=(0,0), homogeneous in space,
The reactors composed of active regions, in which reacwhich is excitable. The system may be excited by a local
tions occur, and passive areas, where some of the reagemtscrease in the value af, which initiates a propagating
are absent and so only a part of reactions proceed there hapelse. The variables andv cannot be directly associated to
been recently intensively studig¢d,2]. In practical applica- concentrations of chemical spices, but their behavior re-
tions such reactors can be realized using an immobilizedembles the one of the activat@r) and inhibitor ¢) in a
catalyst which is inhomogeneously distributed in space andhemical system.
passive areas are those which do not contain it. The interest We assume that in the passive areas the kinetic terms are
in such reactors comes from the fact that they may be appliedbsent in the corresponding equations. The diffusion of acti-
in direct processing of chemical signals. One can considevator is possible, thus it is natural to call these regions “dif-
coding information with the use of chemical systems by asfusion areas.” The equations describing the time evolution of
signing a high concentration of a selected reagent with the andv in these areas afd]
logical “true” state and a low concentration with the logical

“false.” A pulse of concentration of a selected reagent, 3_U_D v2y 3)
which can propagate in an excitable system, may be regarded ot v '

as a chemical signal. One can construct reactors which pro-

cess such chemical signals, such as signal difglesogical v

gates] 1], memory celld2], and even counters of number of EIOICO”SL 4

pulses[4,5]. In all these devices passive barriers separating
excitable areas play an important role. Here we show thafith r=0.03 andD,=0.00045, as in the excitable areas. Of
two pulses of excitation interacting over a barrier may creat&ourseu=v =0 is also a stationary homogeneous solution of

an interesting spatiotemporal pinwheel-like structure. Egs.(3) and (4). Thus, the stationary values afandv in
both the active and passive media are equal to 0, but in the
Il. THE FITZZHUGH-NAGUMO MODEL active part this solution is excitable. The system of equations

(1)—(4) has been used in studies on logical gates for chemi-
al signals[1], chemical diode[1] and on a switch of a
hemical signal directiof9].

In [1] Motoike and Yoshikawa discussed the problem of

The FitzHugh-Nagum@FHN) model of an excitable dy-
namics was originally introduced to describe the behavior o
nerve tissue$6,7]. Here we use its yet simplified version,

proposed by Yoshikawa, Motoike, and Kajiya in their study g citation of an active area by a pulse propagating in another
on information processing in chemical systef8sl]. The  ciive area, when both areas are separated by a passive
dynamics in active areas is described by the following equagyine  Of course, a pulse in one active area may excite the
tions[1,6,7): other active area if the passive stripe is narrow. The maxi-
mum width of the passive stripe for which such excitation

M__ ylku(u—a)(u—1)+v]+D V2, (1)  still occurs is called the penetration depth. It has been found

—=
ot [1] that the penetration depth depends on the geometry of the
junction and on the direction of propagation of incident
‘9_02 u @) pulses and it is maximal for plain pulses traveling in the
at T direction perpendicular to the barrier. [A] Motoike and
Yoshikawa studied the FitzHugh-Nagumo model with the
with the parameterg=0.03, y=1, k=3.0, «a=0.02 (as same values of parameters as given above and they found
given by Motoike and Yoshikawa ifil]) and D,=0.00045 that if the penetration depth for a single pulse with the wave
vector perpendicular to the barrier is denoteddpy then the
penetration depth for a pulse traveling parallel to the barrier
*Email address: kubas@ichf.edu.pl it is only 0.94 d... In the considered unitd.~0.163[1,10].
"Email address: gorecki@ichf.edu.pl Therefore, it is possible to adjust the width of the passive
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lIl. COMPLEX STRUCTURES RESULTING FROM
INTERACTIONS OF TWO PULSES

0.008 —
Let us consider two excitable ardagithin which Eqgs.(1)

and (2) hold], separated by a semi-penetrable stripe of the
passive mediuniEgs.(3) and (4)]. We selected its width as
d=0.16, so the barrier is transparent for pulses propagating
0.004 — perpendicularly, but impenetrable for those propagating par-
allel to it. We will show that in such systems very interesting
. spatiotemporal structures may emerge, if two excitable
pulses interact via such a passive barrier.

0.000 — The interaction of pulses is investigated by numerical in-
tegration of the reaction-diffusion equatiori$)—(4). We
studied an area 8>08.0 units with a semipenetrable passive
stripe in the middle. It is covered with a square grid of 400
X400 points. For this grid the passive stripe was 8 grid

Concentration of inhibitor v

-0.004 ' I ' I ' I ' points wide. We assumed that a free flow of the activator is
-0.06 -0.04 -002  0.00 0.02 possible between the activexcitablg and the passive fields
Concentration of activator u and that there are no flux boundary conditions on the borders

FIG. 1. The evolution towards the stable state for the considere@f the square. The integration was carried out with an im-
FitzHugh-Nagumo model. Values of andv are given in dimen-  Plicit method based on the Crank-Nicolson discretization of

sionless units. the Laplace operatd21]. We used the time integration step

dt=0.005. At the beginning the values ofandv in both

layer d in such a way that it is semi penetrable, i.e., it is active and passive areas (_:orres_ponded to the stationary states
; o et P (u=p=0). Pulses in the investigated system were initiated

transparent for a pulse propaga_tmg perpendlc_ularly, but Irnby local decreasing to v;,j= —0.2. The calculations were

penetrable for a pulse propagating parallel to it. In the UNit3.2 ried out up td, .= 200.

. max—
used,d should satisfy 0.94d.<d<d.,. Figure 2 presents the evolution of the system with two

Calculations for the FitzHugh-Nagumo model havepjane pulses of excitation, traveling along the passive stripe
shown that when a regular train of excitable pulses arrives gh gpposite directions. In Fig. 2, the gray areas show the
the passive barrier then some pulses from the train are able icitable field, the black horizontal line marks the diffusion
cross a passive barrier, which is wider than the penetratiostripe, and lighter areas correspond to higher values She
depth for a single pulsedg) [10—-12. The mechanism of this  pulse located in the bottom active area travels to the right,
phenomenon is the following. Figure 1 shows the relaxatiorwhile the other one, in the upper active area, moves to the
towards the stable state on the phase plar@. The curve left [Fig. 2[@)]. At a certain time the pulses go past each other
plots the dependencegu) close to the stable state and in this [Fig. 2(b)]. The region after each pulse relaxes towards the
regionv (u) is almost the same for exciting perturbations asstable state via oscillations and at a certain point the pertur-
well as for nonexciting perturbations with sufficiently large bation generated by a pulse propagating on the other side of
amplitudes. It is important that for the FitzHugh-Nagumothe barrier appears to be sufficiently large to excite it. The
model the stable state is reached through dumped oscill&Xcitations appear symmetrically on both sites of the barrier
tions. Let us assume that a barrier is not penetrated by tH&9- 2c)] and circular pulses develdirig. 2d)]. And yet
first pulse. The system behind the barrier is not excited, but if92in, there are two excitable pulses which move on both
is still perturbed and relaxes as shown in Fig. 1. If the secon "?'es of the passive stripe in opposite d|r¢ct|ons; they meet
perturbation comes it may find the system behind the barri ig. 2¢)] and the whc_)le scenario repeétég; af), 2g),
in a state characterized by a positive value of activator and nd Zh)]. The stable pinwheel-like structure is formed.

stationary st_ate. A.S a result the secdod late) pulse may  the system, moves along the passive stripe, to the right. If it
cross a barrier which is nonpenetrable for the first one. SUCy 5ione, it never crosses the barrier. Another pulse, located in
a phenomenon is absent in the models of BelousOviye hottom part of the system, travels upwards, in the direc-
Zhabotinsky reactiof13] (the Rovinsky-Zhabotinsky model jgn perpendicular to the strifef. Fig. 3a)]. The pulse ini-

[14—17 and the Oregonator modg18—20) considered in  tiajly located in the bottom part of the system excites the area
[5,10,11. In those models there are no oscillations arounchehind the barrier almost everywhere except a narrow inter-
the stable state. Moreover, the mechanism of activator’s deyal behind the upper pulse where the medium is not relaxed
cay is present in the passive areas and it is more efficientet. As a result, we obtain a pulse spreading to the right
than in the active ones. As the result, the barrier which igfollowing the first puls¢ and upwardgFig. 3(b)]. On its

transparent for a single pulse may be impenetrable for thevay to the right it propagates along the passive stripe and
train of pulses. introduces perturbation into the active area below the stripe.
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FIG. 2. The “pinwheel” on a plane with a single stripe of dif-
fusion field, occurring when two excitable pulses traveling in per-
pendicular directions meet. The consecutive snapshots present t
contours ofu as a function of space coordinatesy() (white areas,
u>0.4; light grey areas,—0.2<u<0.1; dark grey areas,
u<-0.2) at moments of time(a) t=4.00, (b) t=7.00, (c) t
=8.00, (d) t=9.00, (¢) t=12.00, (f) t=17.00, (g) t=20.00, and
(h) t=21.00. The black horizontal line marks the position of pas-
sive stripe; all remaining areas are active. The distancesamlY ity with respect to parameters of integration we repated cal-
axis are given in dimensionless units of distance. culations using 808 800 grid covering the same area, so the

spacing between grid points was reduced by half. The pas-
If this perturbation matches with the state of the system irsive stripe was 17 grid points wide. The results were the
the area below then the excitation appdé#ig. 3(c)]. Acir-  same as shown in Figs. 2 and 3. We performed similar cal-
cular pulse is createfdrig. 3(d)] and one branch of it follows culations for systems with the passive stripe wider or nar-
the pulse on the upper side. It does not excite the uppetower by 1% with respect to the one used in Figs. 2 and 3.
active part because the medium is not relaxed yet. The otheTomparing with the evolution presented in Figs. 2 and 3, we
part, propagating to the left, finds its way from the barrierhave not found any remarkable differences in the appear-
toward the relaxed upper active medium and creates a circiance, shape, or stability of the pinwheels obtained from these
lar pulse on the other side of fiFig. 3(e)]. It expands and calculations. However, the range of barrier’s widths in which
creates a pulse which crosses the barrier afféigs. 3f)—  the pinwheels are observed is narrow. We have also per-
3(h)]. formed calculations for the passive stripe by 10% wider and

Numerically both structures presented in Figs. 2 and 3 arguch a barrier is too wide to be crossed. The pulses shown in
stable. They persisted in calculations lasting twenty times-ig. 2 propagate without visible interactions. In the case con-
longer than a pulse needed to get through the whole squarsidered on Fig. 3 the pulse propagating upwards dies at the
We did not observe any change in the position of the centeparrier without affecting the pulse propagating in the upper
of the pinwheel in time. In order to test the numerical stabil-active area. If the barrier is by 5% narrower than the one

FIG. 3. The “pinwheel” on a plane with a single stripe of dif-
F]uesion field, occurring when two excitable pulses traveling in per-
péndicular directions meet. The consecutive snapshots present the
contours ofu as a function of space coordinatesy() at moments
of time: (a) t=3.00, (b) t=7.50, (c) t=9.25, (d) t=10.00, (e) t
=12.00, (f) t=13.25, (g) t=14.00, and(h) t=15.50. The gray
scale is the same as in Fig. 2.
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considered on Figs. 2 and 3 then it can be penetrated by aridence detectdr,17] in which the pinwheel appears when
inpulse propagating parallel to it. As a result the excitationone of the signals follows just after another. A pinwheel may
spreads quickly in the whole system and the system returnalso block the negation gate describeddh Therefore their

to the stationary state without forming any stable spatiakxistence should be taken into account when signal process-

structure. ing reactors are designed.
We have repeated similar calculations using the
IV. CONCLUSIONS Rovinsky-ZhabotinskyRZ) model of the ferroin catalyzed

) _ ) Belousov-Zhabotinsky reactiqi4—16 and the same values
pinwheel-like spatiotemporal structures in two-dimensionalyheels” in the calculations based on the RZ model because
systems composed of active and passive areas in which dys 5 fast relaxation of activator inside a barrier and the ab-

namics is described with the FitzHugh-Nagumo type modekence of oscillations when the system approaches the stable
[Egs. (1)—(4)]. These structures are numerically stable andsiate.

they are observed in a large range of widths of semipen-
etrable passive stripes. o . ACKNOWLEDGMENT
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